Warranty is an essential element of marketing products. Determination of warranty costs helps manufacturers setting an appropriate warranty policy. In this paper we develop warranty cost models for new repairable products when failure times follow generalized exponential distribution under two types of minimal repair warranty, the free and the pro-rate warranty policy. The performance of the minimal repair warranty models is evaluated through an extensive simulation study which gives evidence of highly accurate simulation models. This article also derives the optimal periodic replacement policy under free repair warranty and investigates it through a numerical example.
Introduction
Warranty is a contract between a buyer and a manufacturer that becomes effective on the sale date of an item. Free and pro-rata are common types of warranty. In free warranty policy, if the item fails before the end of warranty period it is replaced or repaired at no cost to the customer. For the pro-rata warranty, if an item fails before the end of warranty period it is replaced or repaired at a cost that depends on the age of the item at the time of failure. Thomas and Rao [24] mentioned that the motives to establish cost models for warranty are: (1) to determine the parameters that influence the relevant cost for producing products, and (2) to predict the amount of money that should be set aside in reserve in order to meet forthcoming expenditures resulting from warranty claims. In addition, the warranty cost per unit sale is important in the context of pricing the product, see Murthy and Djamaludin [17] . The sale price must exceed the manufacturing cost plus the warranty cost or the manufacturer incurs a loss. Generally, warranty cost per item decreases as reliability increases.
Warranty cost analysis depends on both the underlying distribution for product's lifetime and warranty terms. Gupta and Kundu [14] presented the two parameters generalized exponential distribution with density function (t) = λ α(1 − − ) −1 − , t >0، λ>0، α< 0, (1.1) where λ is the scale parameter and α is the shape parameter.
The cumulative function and the hazard function, respectively, are , t >0، λ>0، α< 0 (1.
3)
The generalized exponential distribution has the following advantages:
1 -The probability density distribution function varies greatly in its behavior according to the different values of the shape parameter as shown by Figure 1.1. 2-It is also clear that generalized exponential distribution is effective in the case of long right-tailed data because it has a longer tail length than other distributions, which makes it give better predictions Gupta and Kundu [15] 3-The behavior of the hazard function is increased or decreased according to the values of the shape parameter.
4-One of the main advantages of the generalized exponential distribution is that it has a nice cumulative function and reliability function which makes it a suitable distribution for use in the case of lifetime data.
Minimal repair is defined as a repair that does not affect product's failure rate. Minimal repair is generally suitable for multiple-components products in which the failed component does not affect the other components. Barlow and Hunter's study [4] was the first study to propose the concept of minimal repair. They considered a policy such that a product is replaced at regular intervals and it is minimally repaired if a failure occurs between replacement intervals. Nguyen, and Murthy [18] presented a general model for estimating warranty cost for repairable products when the manufacturer should pay all repairs costs in period T. They estimated the expected total warranty cost and prediction interval for a fixed lot size of sales. In addition, they estimated the expected number of units returned for repair and the expected warranty costs incurred in any time interval during the product life cycle assuming sales occur continuously. Thomas [23] developed a model for estimating the warranty reserve fund for the manufacturer where the warranty policy is pro-rata in a closed form for different cases for the product failure time such as exponential, uniform, and gamma. Jain and Maheshwari [16] proposed a hybrid warranty model for the renewing pro-rata warranty, in which the failure rate of units, cost of preventive maintenance and cost of replacement are assumed to be constant. The expected total discounted maintenance cost has been derived in an explicit form for different life time distributions, namely the exponential, Rayleigh and Weibull distributions. They also determined the optimal number and optimal period of preventive maintenance after the expiry of the warranty. Attia et. al. [3] developed a warranty cost model where the failure time for repairable products follows a log-logistic distribution. Caglar [8] reviewed the warranty cost models with an emphasis on the failure analysis of used vehicles. Expected warranty costs were calculated by taking into account age, usage. Failure intensities and characteristics are identified in order to propose a policy that highlights the trade-off between the cost and warranty length.
Ambekar and Jagtap [2] considered models that may be used to obtain estimates for the expected cost of warranty per unit sold and the expected cost per unit time over the product life cycle for products sold with free-replacement and pro rata warranties. Chen et. al. [9] considered the effect of three phases; burn-in, free replacement warranty and pro-rata warranty for repairable products under the minimal and catastrophic failure. Moreover, they developed a framework for studying the effects of various parameters, such as the burn-in time, warranty period, and distribution function on warranty costs.
For products subject to periodic replacement it is important to derive the optimal periodic replacement policy such that the long-run expected cost rate is minimized. This article also presents the optimal periodic replacement policy when failure time follows generalized exponential distribution. Moreover, it examines the effects of a free repair warranty policy on the optimal periodic replacement policy.
Replacement policy and optimal periodic replacement have received much attention in the statistical literature. Barlow and Hunter [4] have introduced a policy of replacement period. They considered a policy such that product is replaced at regular intervals and it is minimally repaired if a failure occurs between replacement intervals. Since then, the policy of replacement period has received a lot of interest under different conditions, such as the study of free-replacement warranty and pro-rata warranty studied by Blischke and Scheuer [5] . Both the buyer's and seller's points of view are considered. The basis of the analysis is comparison between warranted and unwarranted items with regard to long-run cost to the buyer and long-run profit to the seller. Boland and Proschan [7] considered expensive units in case of failure or malfunction and stated that the repair of these units with the policy of minimal repair is better than replacing them. Boland [6] introduced the replacement period policy for a complex system where the system is replaced at multiples of a certain time period while the minimal repair policy is used if there is a malfunction between replacement periods assuming that the cost of the minimal repair is a non-increasing function with the lifetime of the product. Nguyen and Murthy [19] said that the unit sold must be replaced by a new unit and it should be repaired if it has failed between replacement periods. The replacement cost is not paid by the buyer and therefore the buyer at least ensures that the product is working throughout the warranty period.
Ozekici [20] presented the optimal duration model for replacement of a multicomponent system. Examples of these systems are jet engines and computers, which consist of hundreds of key components that require maintenance. The effect of the dependence between the components on the optimum duration of replacement was studied. Sheu [22] introduced a policy of replacement period for a multi-unit system with a specific multivariate distribution. Under this policy, the system is replaced at multiples of a certain time period while the minimal repair policy is used if there is a failure occurred between the replacement periods assuming that the cost of the repair is a function of the age of the component and the number of times of repair. Yeh et al. [25] examined the effects of a free-repair warranty on the periodic replacement policy for a repairable product. They constructed cost models for both a warranted and a non-warranted product. The corresponding optimal periodic replacement policies were derived such that the long-run expected cost rate is minimized. El-Dossouky [12] obtained the optimal time for replacement in the case of repairable products which have a free repair warranty when the failure times follow log-logarithmic distribution. In Chien [10] , the free repair impacts have been presented over the optimal period of replacement with intermittent time. The failure distribution is assumed to be a binomial distribution. Chien [11] derived optimal periodic replacement policy for a GPP (Generalized Polya Process) repairable product under the free-repair warranty. Cost models from the user's perspective were developed for both a GPP repairable product with free-repair warranty and without warranty, and the corresponding optimal replacement periods are derived such that the long-run expected cost rate is minimized. This paper considers developing warranty cost models for new repairable products when the failure time follows generalized exponential distribution under two types of minimal repair warranty. An extensive simulation study is performed to assess the performance of the minimal repair warranty models. In addition, this article also derives the optimal periodic replacement policy for failure times follow generalized exponential distribution under free repair warranty. A numerical example is developed to investigates the effects of a free repair warranty policy on the optimal periodic replacement policy.
The rest of the paper is organized as follows. In Section 2, we develop warranty cost model for two types of warranty when the repair policy is the minimal repair policy. In Section 3, a simulation study is conducted to assess the performance of warranty models presented in Section 2. Section 4 provides derivation of optimal periodic replacement time under free repair warranty.
Warranty cost model under the minimal repair policy
Under Minimal Repair (as bad as old), the product is warranted for a warranty period w. If the product fails before the end of warranty length it is minimally repaired to bring it to an operational condition comparable to other products having the same age (Park and Yee ( [21] ).
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The assumptions of the minimal repair model are:
1-
Successive failures are mutually independent random events. 2-Only minimal repairs are performed. 3-Repair times are negligible compared to the product life. 4-Costs of successive repairs are independent random variables with a constant average. In Subsection 2.1 we present warranty cost model under the minimal free repair policy while in Subsection 2.2 we present warranty cost model under the minimal pro-rata repair policy
2.1-Warranty cost model under the minimal free repair policy
In this policy, when an item fails before the end of warranty period, the product is repaired and restored to the same failure rate at the time of failure at no cost to the customer, (Elsayed [13] ). The expected warranty cost for minimal free repair during the warranty period is Hazard rate function of the product at time t H(t)
Cumulative hazard function i
Nominal interest rate In case of the generalized exponential distribution, we have
(2.4) where is the gamma function.
2.2-Warranty cost model under the minimal pro-rata repair policy
In this policy, if an item fails before the end of warranty period, it is repaired at cost that depends on the age of the item at the time of failure. The expected warranty cost for minimal pro-rata repair during the warranty period is
Simulation study
In warranty analysis, the essence of a simulation model is the generation of random variables representing item lifetimes having specified probability distributions. These are used in the simulation model to estimate warranty costs in situation that cannot adequately be investigated practically. Another use of the simulation model would be to investigate the behavior of very long-lived items or any others for which it is difficult to collect actual sufficient data. In this Section we conduct simulation study for previous models presented in Section 2 when the failure time follows generalized exponential distribution.
The inputs to the model are the value of the generalized exponential distribution parameters (α, λ), the lengths of the warranty period, , and average cost per repair, . The output of the simulation model is the mean expected warranty cost of the simulated costs generated for a given set of inputs. The model is validated by comparing its output against the true expected costs generated by a mathematical model. To measure the performance of the simulation we used the Absolute Percentage Error (APE) in comparison between the simulated and theoretical results. The symbolic software Mathematica is utilized to implement the simulation model. Now we introduced the steps employed to build the simulation model.
1-Generate random numbers following the generalized exponential distribution.
2-Compare between the warranty period for product and the generated numbers. Accordingly, if these generated random numbers are less than the warranty period then the product is subject to failure during the warranty period. Therefore, the product must be repaired. As the policy is the minimum repair policy, the product does not have the same failure rates which it has when it started its lifetime. 3-Generate new random numbers for failed items where reliability function after minimal repair (Ascher [1] ) is obtained by
4-Add the original random numbers to the new random numbers after repair. 5-If a random number after adding is within warranty period it means that the item need repair again therefore generate new random numbers using previous formula and so on. 6-All units that have failed during the warranty period are identified and multiplied by the average cost of repairing one unit. The result is the free repair costs during the warranty period. 7-The cost of free repair per unit during the warranty period is obtained by dividing of total repair costs on the total number of units. 8-The previous steps repeated R times (1000 time in our case) to acquire the average cost of warranty per unit.
The simulation program was then run to calculate estimates of these expected costs at different parameters settings. Namely, the parameter values utilized in the simulation are = 0.5, 1.5 2, = 0.6, 0.9 1. Other settings are warranty period, = 0.5, 1, sample size = 20, 50, 90. The average cost is fixed at 20 and number of replication, R, is 1000. As a means of validating the simulation model, the mathematical models given in equations (2.4) and (2.6) were used to calculate true expected costs for selected sets of parameter values. The difference is measured by the Absolute Percentage Error (APE) which is calculated as follows:
Simulation results for free minimal repair policy is given Table 3 .1 and for pro-rate minimal repair policy is given it Table 3 .2. For free repair policy, it can be noticed that most of APE values is around zero and one. In addition, the highest value of APE is 3.7% for = 20, while for = 90 it is 2.7%. That is, APE decreases when sample size increase as expected. For pro-rata repair policy, the highest value of APE is 3.2% for = 20, while for = 90 it is 2.1%. That APE decrease when sample size increase as expected.
For relationships between the parameters and the expected warranty cost the following can be noticed:
1-Increasing shape parameter (α) leads to a decrease in expected minimal warranty cost. 2-Increasing scale parameter (λ) leads to an increase in expected minimal warranty cost.
3-Increasing of warranty period (w) leads to an increase in expected minimal warranty cost. 
Optimal periodic replacement policy for repairable Products under free repair warranty
To construct the warranty cost model needed to find optimal periodic replacement policy for repairable products under free repair warranty the following notation will be used:
: Warranty period :
Lifetime for a product ℎ( ):
Hazard rate of the product at time u
Downtime cost for each failure of a product
:
Purchasing cost for a product :
Minimal repair cost for each failure of a product
(t):
Cycle cost when the period for replacement is ≥ > 0
Cycle cost when the period for replacement is < > 0
Ri (t):
Expected cost rate which is ( ( ))/ for = 1,2 t:
Time at which the product is replaced * :
Optimal period for replacement when the warranty period is Under periodic replacement policy, a repairable product is replaced at multiples of a certain period. When the product fails between these periods, a minimal repair is performed with a downtime cost d > 0 and a repair cost > 0. Thus the total cost expected between any two successive replacements is:
In order to obtain the optimum time for replacement, the warranty will be considered free. This means that if the product fails before the warranty period expires, the minimal repair policy will be performed without the buyer having any burdens for the repair process, but the buyer will bear the downtime cost. Products sold with free repair have renewable warranty since the product is given a warranty period starting over with each replacement and any damage caused by the product is covered within the warranty period. However, the repair cost incurred within the warranty period is covered by the warranty. Therefore, for a warranted product, the cost model is established for two cases: > and t < . These two cases will be presented in Subsections 4.1 and 4.2. In subsection 4.3, we present derivation of optimal periodic replacement and subsection 4.4 presents a numerical example.
4.1:
The first case ≥ When the replacement period is greater than or equal to the warranty period , there are three possible situations. The first situation occurs when the product fails within the warranty period ≤ ≤ t. In this case, a downtime cost is incurred. In the second situation, the failure occurs after the warranty period and before and before the preventive replacement ( < < ) . Thus, an additional minimal repair cost will exist. In the last situation, the product reaches the age ( = ) and the preventive replacement is carried out with cost .
For replacement period t ≥ , the expected total cost in the renewal cycle is (Yeh et al. [25] )
2) and the expected cost rate in this case is calculated as follows:
4.2: The second case < When the replacement period is less than the warranty period, all minimal repair costs will be covered by the product warranty. In this case, a downtime cost and preventive replacement cost will only occur. The expected total cost will be ( 2 (t)) = ∫ h(u) du .
(4.6) Equating equation (4.6) with zero gives the optimal periodic replacement period. Case 2: < We apply the same steps in case 1. Hence, we find that the first derivative of the expected cost rate is 
Numerical Example
In this part, we introduce a numerical example to clarify the effect of the product warranty on the optimal period of replacement when the life time of the product follows the generalized exponential distribution. The generalized exponential distribution has an incremental hazard function if the shape parameter α> 1 while the value of the scale parameter does not affect the results. Therefore, we fix the value of the parameter λ at 2, the warranty period w at 1 and the cost of the purchase at 200. Results are presented in 
